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1 Introduction 

Let a be a linear bounded operator acting in a Hilbert space H. Suppose 
that the operator a and its adjoint a* satisfy the following relation 

aa* G {1, a*a}, (1.1) 

where we denote by {ax, A G A} the C*— algebra generated by the family of 
operators ax, A G A. The problems we shall deal with in this paper concern 
the description of the structure of the C*— algebra {I, a}. 



1.1 C*— algebras defined by condition ( |1 . 1|) are the natural generalizations 
of algebras satisfying the relation 

aa* = 7(a*a) (1.2) 

where 7 is a continuous function on the spectrum of the operator a* a. they 
appear in different problems of quantum physics (see, for example, [|l], 0). 

In the simplest case when 7 is a linear map 

aa* = q a* a + h (1.3) 

they include: 

(i) the commutative algebras generated by normal operators: 

a*a = aa* 

(g = 1, /i = 0) the theory of which forms a cornerstone of the spectral 
theory of operators in Hilbert spaces. 

(ii) Toeplitz algebra: 

aa =1 

{q = 0, h = l) 
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(iii) Heisenberg algebra: 

aa* — a*a = h (1-4) 

(g = l, h>0). 

This is in fact not a C*— algebra situation: the operators satisfying ( |1.4|) are 
unbounded and play the principal role (associated with the position and mo- 
mentum operators) in the quantum mechanics theory. 

In the general case (g 7^ 0, 1 /i 7^ 0) the quantum algebra generated 
by relation ( |1.3|) could be interpreted as a g— deformation of the Heisenberg 
algebra. The models of quantum mechanics based on the g— deformation of 
the Heisenberg algebra has been studied, for example, in 

In the physics of many bosons system that appear in a natural way in quan- 
tum optics and nuclear physics one arrives at the Shrodinger operator H 
given by 

H = a + a* + D{a*a) (1.5) 
where the operator a satisfies ( |1.1|) (see p[). 

For the corresponding quantum system the algebra arising from ( |1 . 1\ ) plays 
the role of 'symmetry algebra'. It enables us to establish the interrelation 
between the spectral problem for the operators considered and the theory of 
orthogonal polynomials and to solve the problem in many concrete cases. 

Let us mention also that the algebra given by (|1 . 1| ) finds applications in the 
theory of basic hypergeometric functions and integrable systems (see 0]). 

Along with the algebra {1, a} it is reasonable to consider the following objects 

and arising problems. 

Let 

a = U\a\ (1.6) 

be the standard polar decomposition of a. Here \a\ = \/a*a and [/ is a 
partial isometry defined by 

U{\a\0 = aC, ^EH. (1.7) 
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Then ( |1 . 1| ) means that 

U\a\'^U* e {l,\a\'^} = {l,\a\}. (1.8) 

Note also that since U*U is the orthogonal projection onto Im |a| it follows 
that U*U\a\ = \a\ and therefore 

U\a\'^U* = U\a\U*U\a\U* = {U\a\U*)'^. (1.9) 

Thus we conclude that (|rTT|) is equivalent to 

U\a\U* e {l,\a\}. (1.10) 

In addition ( |1.9| ) means that the mapping 

U{-)U* :{|a|} ^ {l,|a|} 

is a morphism. 

This leads to the tight interrelation of the algebras induced by (|1 . 1| ) with 
the crossed products of C*— algebras by semigroups of endomorphisms. This 
interrelation is clarified in section 4 (see in particular Theorem and Re- 
mark |47^ ) . 

In connection with the matter considered in the paper it is reasonable to 
mention that a great number of various irreducible representations of the re- 
lation ( |1 . 1| ) along with the physical applications of the C*— algebras arising 
are presented in the book 0. 



1.2 The main aim of the article is to reveal the structure of the C*— algebras 
{1, and {I, a} C {1, |a|,f/} where a satisfies relation ( |1.1| ) and U is 

the partial isometry taken from the polar decomposition (|1.6| ) . 

The paper is organized as follows. 

We start with an auxiliary section ^ where we present a number of (mostly 
known) facts on partial isometrics and the associated mappings of the alge- 
bra of linear operators in a Hilbert space that we shall use in the subsequent 
sections. 
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Sections ^ and ^ present the main framework (the general operator algebraic 
picture that one can attend 'from on high') of the structures and objects that 
should be involved in the investigation of the algebras in question. 
As a result we obtain the necessary 'coefficient' algebra (given in Theorem 



and the crucial property that enables us to reveal the structure of 



the arising algebras up to *— algebraic isomorphism (Theorem O ) 



Finally in sections ^ and ^ we apply the results obtained to the initial algebras 
{1, |a|,?7} and {I, a} under investigation and give the description of their 
structure. 



2 Preliminaries. Partial isometries and en- 
domorphisms 

This is a starting auxiliary section. Here we list some facts about partial 
isometries and the associated mappings of the algebra of linear operators in 
a Hilbert space that we shall use in the subsequent sections. Most of the facts 
presented here are known and we give the proofs for the sake of completeness. 

Recall that a linear bounded operator f/ in a Hilbert space H is called a 
partial isometry if there exists a closed subspace Hi C H such that 

r?ii = iieii, eei^i 

and 

u^ = o, ieHeHi. 

The space Hi is called the initial space of U and U{Hi) is called the final 
space of U. 

Hereafter we list the well known characteristic properties of a partial isometry 
(see for example problem 98): 



Theorem 2.1 The following statements are equivalent: 

1) U is a partial isometry, 

2) U* is a partial isometry, 



5 



3) U*U is a projection (onto the initial space ofU), 

4) UU* is a projection (onto the final space of U ), 

5) UU*U = U and U*UU* = U* . 

One can associate with any linear bounded operator V acting in a Hilbert 
space H the following mapping dy '■ L{H) L{H) of the algebra L{H) of 
all linear bounded operators in H\ 

Sy{b) = VbV*, b G L{H) (2.1) 

It is clear that 6v is a linear positive mapping and Sv{b*) = [Sv{b)]* for any 
beL{H). 

The next proposition shows that 6v generates an endomorphism of some sub- 
algebra A C L{H) only under rather restrictive assumptions on V (namely 
V should be a partial isometry possessing special additional properties). 

Proposition 2.2 For a given operator V G L{H) the following statements 
are equivalent: 

(i) There exists a subalgehra A C L{H) containing the identity such that the 
mapping 

V{-)V* : L{H) ^ L{H) 
generates an endomorphism of A. 

(a) All the operators V^, k = 1,2, ... are partial isometrics. 

(Hi) The family V*''V'', k = 1,2,... is a commutative decreasing family of 
projections. 

Proof: In view of statement 3) of Theorem |2.1| (iii) implies (ii). 

On the other hand if (ii) is true then v^V*^V^ = , k = 1,2,... by 

statement 5) of Theorem |2T^. Therefore for any A; > / we have 

and in the same way one can verify that 
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Thus (ii) implies (iii). 

If (i) is true then all the mappings V''{-)V'^*, k = 1,2, ... are also endomor- 
phisms of the algebra A (mentioned in (i)) and therefore (since 1 G A) 

ykyk* ^ ykiyk* ^ v''{l-l)V''* = {V''1V''*){V''1V''*) = {V''V^*f , k ^ 1,2 
Thus (ii) is true. 

Finally if (iii) is true then V{-)V* generates an endomorphism of the algebra 
A = {!, VV*, V^V^*, V^V^*, ...}. □ 



In view of this result it is reasonable to consider the mapping 5v in the 
situation when V is o. partial isometry in more detail. 

In the next lemma we list some simple properties of the mapping 5v in this 
case. 

Lemma 2.3 Let V he a partial isometry then 

1) 5v8v*8v = 5v and 5v*5v5v* = 5v* 

2) For any 6 e L{H) we have 

5v(b) = VV*5v(b) - Sv{b)VV* and 5v*(b) = V*V5v*(b) = 5v*{b)V*V. 

3) Ker^v = {6 e L{H) : V*VbV*V = 0}. 

In particular if V*V — 1 (that is V is an isometry) then Ker 5y = 

4) Kei5v* = {be L{H) : VV*bVV* = 0}. 

In particular if VV* — 1 (that is V* is an isometry) then KerSv* — 

Proof: The first and the second statements follow from the equalities VV*V — 

V and V*VV* = V*. 

Let us verify the third statement. 

If V*VbV*V^O then 

Sy{b) = VbV* = VV*VbV*VV* = V{V*VbV*V)V* = 

that is 6 G Ker 6v- 

On the other hand if b G Ker 6v then 

= VbV* = V*{VbV*)V = V*VbV*V 
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Thus 3) is proved. 

Statement 4) can be proved in the same way. 



□ 



In fact if we do not look for endomorphisms of some algebra A C L{H) (as 
in Proposition |2.2|) but only for morphisms 5y : A ^ 5v{A) nevertheless (as 
the next lemma shows) this situation is closely related to the property of V 
being a partial isometry. 

Lemma 2.4 Let A he a C* — suhalgehra of L{H). 

I. // V is a partial isometry and V*V G A' (where A' is the commutant 
of A) then 

(i) Sy '■ A ^ 6v{A) is a morphism, 

(a) Va = Sv{c()V and aV* = V*6v{c() for every a E A. 

II. If A contains the identity and VV*,V*V G A' then the following 
statements are equivalent: 

(i) V*V is a projection (that is V is a partial isometry), 

(a) VV* is a projection, 

(Hi) V {■)¥*: A VAV* is a morphism, 

(iv) V*{-)V : A V*AV is a morphism. 

Proof: I. The first statement here follows from the observation that for any 
a, (3 E A we have 

V{a ■ P)V* = VV*Va ■ (3V* = VaV*V(3V* = {VaV*){VpV*) 

and the second follows from the relations 

Va = VV*Va = VaV*V = {VaV*)V 
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along with the passage to the adjoint operators. 



II. Here (i) and (ii) are equivalent in view of Theorem |2?1 . 

If (i) is true then y is a partial isometry and (iii) follows from statement (i) 

in I. Similarly (ii) implies (iv). On the other hand if (iii) is true then 
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VV* = VIV* = V{1 ■ 1)V* = {V1V*){V1V*) = (VV*) 
thus (ii) is true. 

Similarly (iv) implies (i). □ 
The next result pushes the matter a bit further and clarifies that if in addition 



to what is presumed in part I of Lemma 2.4 6v generates an endomorphism 



of A then the interrelation between A and V is much closer. 

Lemma 2.5 Let V be a partial isometry and A be a C*—subalgebra of L{H). 
If V*V e A' and VAV* C A then 

5v '■ A A is an endomorphism and V*^V^ ^ A' , k = 1,2, ... 



Proof: By part I of Lemma p.4| in the situation under consideration we have 
that 6v '■ A ^ A is an endomorphism. 

Applying statement (ii) of part I of Lemma p2.4| k times we have for any 
a e A 

V*^V^a = V*\V''aV*'')V^ 

and 

^Y*kyk ^ v*\V''aV*'')V^ 
Thus V*''V''eA', A; = 1,2,.... □ 

In connection with the foregoing lemma it is reasonable to mention the fol- 
lowing properties of partial isometries 

Lemma 2.6 Let V be a partial isometry such that 

y V*^] = , A; = 1,2,... (2.2) 
where [a, (3] is the commutator of the sets a and (3. Then 
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1) v*^v^ e {vv*,v^v*^,...,v''v*'',...y , 1 = 1,2,... 

2) For anyl<k<l V*V^V*^ = V^~^V*^ 

3) All the operators are partial isometries and the family V^V'^*, k = 
1,2,... is a commutative decreasing family of projections. 

Proof: 1) This follows from Lemma |2.5| since the mapping V{-)V* is an 
endomorphism of the algebra {VV* ,V'^V*'^ , ...,V^V*'' , ...}. 

2) . Let 1 < k < I then applying ( p.2| ) we obtain 

(y'''^V*''''^){V*VV*)V*^''' = y^^V*' 

3) . Applying 2) k times we have 

(V^V*^^"^ '^k'^*k'^k'Yr*k ■^k-^*k—l l^'^*-^k'^*k'^ '^k-^*k—l'^k—l-^*k 

"^fc'^*fc— 2^'^*'^A;— l'^*A;— l^p^* ^k^*k—2^k—2^*k ■^k'^*k 

this means that V'' , k = l,2, ... are isometries and therefore 3) is true. □ 

3 Extensions of commutative C*— algebras by 
endomorphisms 

Throughout this section we fix a partial isometry U and a commutative 
C*— algebra Aq C L{H) containing the identity and proceed to the descrip- 
tion of the structures and relations associated with the mappings 6u and 



To shorten the notation we denote 6u simply by 6 and 6u* by 5* thus 



6u^ (P). 



S{b) = UbU*, b e 



L{H) 



(3.1) 



and 



5^{b) = u*bU, b e 



L{H) 



(3.2) 
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Our goal in this section is the following: 



starting from the algebra and the mappings 6 and 6^: we wish to 
construct a commutative extension A D Aq such that both the mappings 
5 and 6 J, are endomorphisms of A. 

We shall construct the algebra A in two steps. At the first step we construct 
the extensions A^o (oo^) (see ( |3^ ) and ( |3.1(]| )) such that 5 (or S^, 
respectively) generate their endomorphisms. This is done in Theorems p.4| 
and Then as the second step we extend the algebra A^o (oo^) further 



to obtain the algebra A = oo(^oo) = (oo^)oo (see ( |3.13|) and (|3.16| )) that 



is stable as with respect to 6 so also with respect to 5*. This is done 



in Theorems 3.7 and 3.8 which also describe the subtle internal hierarchical 



structure of the algebras arising in the process of extension. 

It is reasonable to note that since we are looking for a commutative extension 
A of Aq and in view of Lemmas and p]^ among the natural assumptions 



on 5 (or 5* respectively) we have 5''{1) e A'q { 5^{1) E A'q 
Now we start to produce the desired extensions of Aq. 



Theorem 3.1 Let S^{1), k = 0,n be the projections and S^{1) E A'q and 
S''{Aq) C A'q, k = 0,n (where S^{x) = 5°(a;) = x, x E L{H), in particular 
50(1) = ^0(1) = I). Then 

[(5,^(Ao),5l(Ao)] = 0, 0<A:,/<n (3.3) 

and 

[5^{Aq),5\Ao)] = 0, < fc, / < n (3.4) 
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Proof: Take some k > I then for any a, (3 E Aq we have 

U*^aU^~^(3U*^-^U^-^U^ = U*''a{U''-^(3U*''-^)U^ = 
On the other hand 

Comparing these two relations and bearing in mind that by assumption of 
the theorem 5^~\(3) G Ag we conclude that 



U''aU*^-^(3U*^U^U*^ = U''aU*^~^(3U*^ = U\U''-^aU*^-^)(3U*^ = 
[/'(5^-'(a) ■ P)U*^ = 5'((5^-'(a) ■ P) 




On the other hand 



U^(5U^-^aU*'' = U\(3 ■ 5^-\a))U 



5\(3 ■ 5'''\a)) 
which (as in the previous situation) implies ( p.4[ ). 



□ 
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3.2 For every n = 0,1, ... set 

A„ = {Ao,...,<5"(Ao)}. (3.5) 

and 

nA={Ao,...,6:iAo)}. (3.6) 

Theorem 3.3 Let , k = l,n be the projections and 

6{Ao) C Ao and 5,(1) G Aq 
then nA is a commutative algebra and 

(i) e A^' , A: =1,2,... 

(ii) For any < I < k < n we have 

S'Mo) ■ Si{Ao) C S'Mo) 
in particular S^{Ao) is an ideal in nA, 

(Hi) nA is the set of operators of the form 

ao + S^{ai) + ... + S'^ian), ai e Aq. 
(iv) 6 : nA —>■ n-\A is a morphism. 

Proof: Since 5(Ao) C A^ and 5*(1) G Aq Lemma [275| implies (i). 
Therefore (as ^^{Aq) C C A^ , k = 1,2,...) all the conditions of 
Theorem 13.11 are satisfied it follows that nA is commutative. 



To verify (ii) observe that in the proof of Theorem ^]T] it was established that 
for any k > I and a, f3 & Aq we have 



Since by the assumption we have 5^~\l3) G Aq this equality implies (ii). 
Clearly (iii) follows from (ii). 

Finally by the assumption we have UU* = 5(1) G Aq. Therefore we conclude 
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(using (ii)) that for any a & Aq and any 1 < k < n the following relations 
hold 

5{S^,{a)) = UU*^aU^U* = UU*6t\a)UU* = 6':-\a)UU* e 6t\Ao). 

Thus 6 : nA ^ n~\A. 
Note also that 

[/*[/= 5.(1) G nAdinA)' 



and therefore b : nA ^ n-iA is a morphism by Lemma p.4| . So (iv) is 



proved. □ 

The next two theorems describe the natural extensions of the algebra Aq that 
are stable under the morphisms d and 5* respectively. 

Theorem 3.4 Let (5^(1), = 0,1, ... be the projections and 

Stil)eA',, S'iA,)cA',, 6,il)e[6\A,)]', fc = 0,l,... 

then 

A^ = {Ao,SiAo),...,S'{Ao),...} (3.7) 
is the minimal commutative C* — algebra containing Aq and such that 

S '■ Aqq > Aao 



is an endomorphism. 
In addition we have 

Ua = 6{a)U for any a G A^o (3.8) 

and 

^'(1) G (^oo)' , A; =1,2,... (3.9) 



Proof: The commutativity of A^o follows from Theorem ^A 
The minimality of A^o is clear from the construction. 
So let us verify that 6 is an endomorphism of Aq^- 
Take any k,l > and a, (3 & Aq. We have 

S{S^{a) ■ 6\(3)) = U6\a)5\P)U* = U{U*U)6\a)d\(3)U* 
U6\a)U*U5\P)U* = 6{d^{a)) ■ 6{6^{f])) 
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which imphes that S is an endomorphism of A^q. 
In addition the assumption 

S,{l)e[S\Ao)]', A; = 0,1,... 

imphes 5*(1) G (Aoo)' and therefore (|3.8|) foUows from Lemma 

Finahy since (^^,(1) G (Aqo)' and 5 is an endomorphism of ( |3.9|) follows 

from Lemma |2.5| . □ 



Theorem 3.5 Let k = 0,1, ... be the projections and 

6t{l)eA'„ 6\Ao)cA'„ 6il)e[6tiAo)]', k = 0,l,... 

then 

^A = {Ao,5Mo),.:,S':iAo),...} (3.10) 
is the minimal commutative C* — algebra containing Aq and such that 

A • A ^ A 

is an endomorphism. 
In addition we have 

U*a = 6^{a)U* for any a G oo^ (3-11) 

and 

6\l)eUAy, A; = 1,2,... (3.12) 

Proof: The commutativity of follows from Theorem p.l| . 

The minimality of ooA is clear from the construction. 

The property that 5^ is an endomorphism of follows from the observation 

that for any k,l > and a, P & Aq we have 

U*6':{a)UU*5i{(3)U = 5,(5,^(a)) • 
In addition the assumption 

5{l)e[5l{A,)]', fc = 0,l,... 
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implies S{1) G (oo^)' and thus ( 3.11| ) follows from Lemma T^ . 

Finally ( p.l2| ) can be established just in the same way as it was done for (|3.9|) 

in the proof of the previous theorem. □ 



Remark 3.6 One can notice certain asymmetry (between 6 and 5*) as 



in the statement of Theorem 3.1 so also in the statements of Theorems 



and 3.5. This means that we can also formulate and prove the analogous 



statements by exchanging the conditions on 5 and 5^. 

Now we present the description of the extensions of the algebra Ao that are 
stable as with respect to S so also with respect to 5*. 

Theorem 3.7 Let 6{Ao) C Aq. 



I. The following statements are equivalent: 



(i) There exists a commutative C* — algebra A ^ Aq such that both the 
mappings 6 and 5* are endomorphisms of A. 

(a) All the operators 5j^(l), A; = 0, 1, ... are projections and 5*(1) G A'q. 



II. // condition (ii) of part I is satisfied then the algebra ^A ^3. 1 (\) 
is the minimal commutative C* — algebra such that 5 and 5* are endomor- 
phisms of oqA. 
Moreover we have: 



(i) For any < I < k 

StiAo)-SiiAo)cStiAo). 

(ii) For every n the subalgebra ^A C oqA defined by l \3.(^ is the set of the 
operators of the form 

ao + 5^{ai) + ... + S'^{an), a* G Aq. 
(Hi) 6 : nA ^ n~iA, n = l,2,... 5^ : nA ^ n+iA, n = 0,l,..., 

(iv) Ua = 6{a)U and U*a = 6^,{a)U* for any a G ooA. 
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Proof: I. If (i) is true then (as I e Aq d A) we have that 5^{l) e A d A'^. 
In addition since 5 is an endomorphism of A Proposition |2.2| tells us that 
all the operators (^^^(1), A; = 0,1,... are projections. 
Thus (i) implies (ii). 

The implication (ii) ^ (i) follows as a byproduct from Part II of the theorem 
(one can take A = ooA). So let us prove this part. 

II. Note that in the situation under consideration all the conditions of 

Theorem p.3| are satisfied. This implies the commutativity of ooA along 

with (i) and (ii). The statement (iv) of Theorem p.3| also implies that S is 

an endomorphism of and 6 : „j4 n~iA, n = l,2,.... 

Clearly 5* : „A — > „,+iA, n = 0,1,... which proves (iii) along with the 

property 5* : oo^ ^ oo^- 

Since 

UU* = 6{l) eAoC ooAc iooA)' 

Lemma p.4| implies that 5* is a morphism (and by the foregoing notes it is 
an endomorphism) of ooA. 

Finally as UU*, U*U G (oo^)' Lemma |2]| implies (iv) as well. □ 

The next result is the natural generalization of the theorem just proved and 
it gives the solution to the problem we are considering in this section. 

Theorem 3.8 I. The following statements are equivalent: 

(i) There exists a commutative C* — algebra A D Aq such that both the 
mappings 5 and 6^, are endomorphisms of A. 

(ii) All the operators (5^(1), A; = 0, 1, ... are projections and 

5l{l) e A,, 5\Ao) c A,, 5,(1) e [5\A,)]\ A; = 0, 1, ... 
II. // condition (ii) of part I is satisfied then 

Oo(^Oo) = {^OO) '^*(^oo)) ••■) l^* (^oo)) ■••} (3.13) 

is the minimal commutative C* — algebra containing Aq and such that 

^ '■ oo(^oo) oo(^oo) and 6^, ; oo(^oo) oo (^oo) (3.14) 
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are endomorphisms. 
Moreover we have: 

(i) For any < I < k 

(a) For every n the subalgebra „(v4oo) C 00(^00) given by 6| j (with Aq 
substituted by Aoo) is the set of operators of the form 

ao + S^{ai) + ... + 6^{an), ai e A^o. 

(Hi) S : „(Aoo) — ^ n-l(^oo)i = 1,2,... (5* : n(^oo) ~^ n.+l(^oo)) fl = 

0,1,... 

(%v) 

Ua = 6{a)U and U*a = 5*(a)[/* for any a G oo(^oo)- (3.15) 

2) 

00(^00) = (00^)00 (3.16) 

where (00^)00 = {00^, S{ocA), S^{ooA), ...} 
Moreover we have: 

(i) For any < I < k 

S\ooA)-6'UA)c6\ooA) 

(a) For every n the subalgebra (oo^)ri C (00^)00 given by ( \3. 3^ ) (with Aq 
substituted by ooA) is the set of operators of the form 

ao + ^(ai) + ... + 5"(an), a* Goo ^. 

(Hi) 5* : {ooA)n, (oo^)n-l, n = 1,2, ... S : (oo-4)„ {ooA)n+l, n = 

0,1,... 
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Proof: I. If (i) is true then Proposition |2.2| tells us that all the operators 
^^■'(1), k = 0,1, ... are projections. In addition we have 



(5,^(1) eAcA'„ 
6''{Ao)cAcA', 

and 

6,il)eAc[6\Ao)]', k = 0,l,... 

Thus (i) implies (ii). 

As in the previous theorem the implication (ii) =^ (i) follows as a byproduct 
from Part II of the theorem (one can take A = oo(^oo))- So let us prove 
this part. 



II. Since in the situation under consideration all the assumptions of Theorem 6A 
are satisfied it follows that Aoo is a commutative algebra and 



6 : A. 



A. 



is an endomorphism and 



5*(1) e {A^y 



(3.17) 



(3.18) 



In view of (|3.17|) and ( p.l8|) we can apply Theorems and (with Aq 
substituted by Aoo) and thus all the statements in 1) are proved. 
Let us verify 2). 

Observe that in the situation considered all the assumptions of Theorem 
are satisfied (in particular 6{1) G [5^(^40)]', k = 0,1,... since 6{1) G 
oo(Aoo) and 5^(Ao) C oc(^oo)). Thus 



^ ■ A 



.A 



is an endomorphism. 

Since 5(1) G oo(^oo) and C oo(^oo) it follows that 

<^(i) e UA)' 



(3.19) 



(3.20) 



In view of ( |3.19|) and (|3.20|) we can apply Theorem |3.71 (where we exchange 
S for 6^:) to the algebra ooA (instead of Aq) and it follows that both the 
mappings 



(oo^) CO 



(oo^)oo and 6^ : (oo^)oo 



(oo^)c 



(3.21) 
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are endomorphisms and the properties (i), (ii) and (iii) of 2) are true as well. 
Moreover ( |3.21|) along with the construction of 00(^00) and (00^)00 imply 



4 The structure of the algebra {Aq, U} 

Throughout this section we fix a partial isometry U and a commutative al- 
gebra Aq C L{H) containing the identity and satisfying the assumptions (ii) 
of Part I of Theorem R.8|. 



The purpose of the section is to describe the structure of the C*— algebra 
{Aq, U} generated by Aq and U. 

To simplify the notation we denote by A the algebra 

^ = 00(^00) = (00^)00 (4-1) 

where 00(^00) and (00^)00 are the algebras defined by (|3.13|) and 
respectively. 

As it will be clarified the algebra A plays here the crucial role of the 
'coefficient' algebra. 

Lemma 4.1 The algebra {Aq, U} is the uniform closure of finite sums of the 
form 

+ ... + /3o + + (4.2) 



where I3k e A and /3±k = U''U^*(3±k = l3±kU''U''*, k = 0, ...,n 



This algebra is also the uniform closure of finite sums of the form 

a_„t/"* + ... + ao + ... + f/"a„ (4.3) 
where ak e A and a±k = U^*U^a±k = a±kU^*U^-, k = 0, ...,n. 



Proof: Follows in a routine way from the definition of {Aq,U} along with 
(^.14|), (^.15|) and the observation that 



U'U'*, U'*U' e 00(^00) =A A; = 1, 2, 
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and the equalities 

jjk*jjkjjk* ^jjk*^ jjkjjk*jjk ^jjk^ A; =1,2,... 

□ 



4.2 We shall say that the algebra {Aq, U} possesses the property (*) if for 
every element b G {Aq,U} having the form ( ^.2| ) the following inequality 
holds: 

\\b\\ > m (4.4) 

Clearly the algebra {Aq, U} possesses the property (*) iff for every element 
b G {Aq, U} having the form (|4.3| ) the following inequality holds: 

llf^ll > ll«o|| (4.5) 



Indeed. Due to ( p.l5|) one can always pass from ( [4.2|) to ([4.3|) (and back) 



leaving Po = ckq invariant under the passage. 

Theorem 4.3 // {Aq, U} possesses the property {*) then for any element b 
of the form (^TJj we have 

>max||/?±,|| (4.6) 

i=0,n 



and for any element b of the form ( [(.Sj ) we have 



>max||a±,|| (4.7) 

i=0,n 

Proof: Let us prove ( |4.6|) first. 

Fix some A; G 1,^. Since \\U^\\ < 1 it follows that 

\\b\\ > \\U'b\\ (4.8) 

We have 

U'^b = U^U''*(3-n + •■• + U^U^*l3-k + •■•+ 
U^W*(3_s + ••• + U^l3o + ■•• + U^lSnU"" 



(4.9) 



21 



Note that 



1) For k > I we have (using the equahty u^*u^u^* = jj^^ ( |3.15| ) and bearing 
in mind that U'U'* G 00(^00) = A): 

where P'_,^, = U^->'U(^-'^> and P'_,^, e A. 
2) 

U^U^*P_k = e A (4.11) 

3) For > / > we have 

where = ^'^_iU^-^U^^-^> and /?^_; G A. 
4) 

where = and G A. 

5) For Z > we have 

where = /3,V,?7'+^[/('+^)* and A'+fc e A. 

Now (|48|) , (|49| ) and (|]T3)-(|]T3|) along with the property (*) imply 

> \\u'b\\ = Wu^^^-'^PU + ... + p'o + ... + > 



(4.12) 



(4.13) 



\\U'U'*P^k\ 



(4.14) 
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Since ||&|| = \\b*\\ inequality ( t4.14| ) being applied to b* implies 



1611 > 



thus finishing the proof of ( f4.6| ). 

([4.7|) follows from (|4.6|) by exchanging U for U*. □ 



4.4 Thus if {Ao,U} possesses the property (* 
( [4. 21 ) and ( [4.3| ) are uniquely determined and 
0, ±1, ... the mapping 



then all the coefficients in 
ao = Po and for every n = 



given by 



Nn:{Ao,U}^A 



Nn{b) = Pn 



(4.15) 



(4.16) 



is correctly defined (as well as the corresponding mapping exploiting the 
coefficients a„ is correctly defined). 



The next Lemma |4.5| gives a number of norm estimates of sums of elements 
in C*— algebras. This lemma being useful in its own right also plays an 
important role in the proof of Theorem ^]6| that presents a certain formula 
for the norm calculation of the elements of {Aq, U}. 

The estimates presented in the lemma are probably known (in particular the 
components of the statement of the lemma are given in Lemma 7.3 and 
IP, Lemma 22.3)). The proof of the lemma can be obtained as a simple 
modification of the reasoning given in the proof of Lemma 22.3. 



Lemma 4.5 For any C*— algebra B and any elements di,...,dm & B we 
have 



i=l 



and 



< m 



^ did* 



i=l 



(4.17) 



i=l 



< m 



i=l 



(4.18) 
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On the other hand 



El* 



i=l 



1 

> — 

m 



d*di 



i=l 



(4.19) 



and 



i=l 



1 

> — 

m 



m 

^ did* 

i=l 



(4.20) 



Theorem 4.6 Let {Aq^U} he an algebra such that the pair Aq^U sat- 
isfies the assumptions (ii) of Part I of Theorem \3. If the algebra {Aq,U} 
possesses the property (*) then for any element h of the form U-^ ) we have 



\\h\\= lim y\\N,\{hh*f^]\\ (4.21) 

fe— >oo 

where No is the mapping defined by 
Proof: Applying ( 4.17 ) to the operator 

h = U^*(3.^ + ... + /5o + ... + /3„[/" = c/_„ + ... + do + - + 4 
we obtain 



< (2n + 1) 



^ did] 



(2n+l)||iVo(66*)|| 



where 



did* = U-'*Pil3*U-' , z < 0; 
did* = (3iU'U'*(3* , i>0, 
in either case didi G oo(^oo) — A. 

On the other hand as {^o; U} possesses the property (*) we have 



166*11 > WNn 



thus 



\No{bb*)\\ < \\bb*\\ = \\bf < {2n+l)\\No{bb*] 



(4.22) 
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Applying ( ^4.22| ) to (bb*)'' and having in mind that (bb*)'' = {bb*Y* and 
\\{bb*f^\\ = WbW^^ one has 

llA^o [{bb*^''] II < 11(66*)'= ■ (66*)^*|| = \\b\\^^ < {4kn + l)\\No [{bb*^''] \\ 

(4.23) 

since being written in the form (|4.2| ) [bb*)^ has not more than {4kn + 1) 

summands. 

So 



\No [(66*)2fc]|| < ||6|| < V4fcn + 1 ■ VPM(66*FI (4.24) 
Observing the equahty 



hm V 4:kn + 1 = 1 

fe— >oo 



we conclude that 



hm V\\No[{bb*y>^]\\ 



The proof is complete. □ 

The next result shows that the property (*) plays the crucial role in the 
determination of the structure of the algebra {Aq,U} once the structure of 
A = oo(^oo) is elucidated. 

Theorem 4.7 Let {A^.l/i} and {Aq,U2} be two algebras such that both 
the pairs Aq, [/j, z = l,2 satisfy the assumptions (ii) of Part I of Theorem 
\3.^ Suppose that there exists an isomorphism 



if-.Al^A, 



such that under the mapping Ui U2 the isomorphism ip give rise to 
the isomorphism 

ip: A^ ^ A^ (4.25) 



(where A^ = oo(^^), i = 1,2 are the algebras given by ( \3.19i ) defined by 
the pairs AQ,Ui respectively). 

If both the algebras {AQ,Ui}, i = 1,2 possess the property {*) then the 
mappings 

^■.Al^ Al, Ui ^ U2 
give rise to the isomorphism 

{Al,U^} = {Al,U2} 



25 



Proof: Consider an operator b G {A^, Ui} having the form 

b=Urf3-n + -. + Po + - + PnU^ 

where G A^. 

Let {p{b) G {Ag, U2} be the operator given by 

ifib) = Urv{(3-n) + ... + ^{(3o) + ... + ^{(3nm 

To prove the theorem it is enough to verify the equahty ||b|| = 



By Theorem 4.6 we have 



hm Vll^o[(fefe*)'1 



where 



N,:{AlU^}^ A^ 



is described in 
Similarly 



where 



= hm y\\N,[{^{b)v{b*)f>^] 

K— >00 



(4.26) 



(4.27) 



(4.28) 



(4.29) 



No:{AlU2}^A^ 

Observe that (|4.26| ) and (|4.27| ) along with the assumptions of the theorem 
imply 

No [{ipibMb*)^] = No [imir] = V {No [ibb*r]) 
and therefore (in view of (|4.25| )) 



\No[{^{bMb*)r]\\ = \\No[{bb*r] 



This along with (^.29|) and ([4.28|) implies the equality 



and finishes the proof. 



□ 
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Remark 4.8 It is worth mentioning that the property (*) and the results of 
Theorem |4.7| type play a fundamental role in the theory of crossed products 
of C*— algebras by discrete groups (semigroups) of automorphisms (endo- 
morphisms). Namely this property is a characteristic property of the crossed 
product and it enables one to construct its faithful representations. The im- 
portance of the property (*) for the first time (probably) was clarified by 
O'Donovan in connection with the description of C*— algebras generated 
by weighted shifts. The most general result establishing the crucial role of 
this property in the theory of crossed products of C*— algebras by discrete 
groups of automorphisms was obtained in [|11| (see also 0, Chapters 2,3 for 
complete proofs and various applications) for an arbitrary C*— algebra and 
amenable discrete group. The relation of the corresponding property to the 
faithful representations of crossed products by endomorphisms generated by 
isometrics was investigated in |T^. The properties of this sort proved to 
be of great value not only in pure C*— theory but also in various applications 
such as, for example, the construction of symbolic calculus and developing 
the solvability theory of functional differential equations (see |T^, [1^). 



5 The structure of the algebra B = {l,\a\,U}. 

Now we return to the consideration of the initial object of our investigation. 
Throughout this section we fix an operator a e L[H) satisfying relation 
(|1.1|), take the partial isometry U from the polar decomposition (pTOl ) and set 
Ao = {l,\a\}. 

The aim of the section is to describe the structure of the C*— algebra B = 
{l,|a|,[/}. 

Following the path already exploited in the preceding sections we start with 
the examination of the properties of the partial isometry U along with the 
properties of the induced mappings and the arising algebras (extensions of 
Ao). 



Theorem 5.1 Let U be the partial isometry defined by polar decomposition 
of an operator a satisfying relation then 
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1) . U*U e{l,\a\}", 

where we denote by A" the hicommutant of an algebra A (that is the Von 
Neumann algebra generated by A). 

2) . U^U*^ e {1, |a|}", 1,2,... 

3) . [U*^U\U^U*^]^Q , k^l,2,...; Z = l,2,... 

4) . U*U''U*^ = U''-^U*^, l<k<l 

5) . {U^U*^Y = U^U*^, that is and U*^ are partial isometries. 

6) . Ifk>l then 

and 

jjk jj'^k jjl jj^l jjl jj^l jjk jj'^k jjkjj^k 

V- 

5:{|a|}^5({|a|})c{l,|a|} (5.1) 

is a morphism and 

Ub = d{b)U and U*6{b)=bU*, b e {\a\} (5.2) 

8) . S''{\a\} C {1, |a|, ;7?7*, U'^'^U''-^*}, k^l,2, ... 

9) . 6\{\a\}) = t/^t/*^5^({|a|}) = (5^({|a|})t/^t/*^ 

that is U^U*'^ is the projection onto the invariant subspace where the whole 
of the algebra 5'^{{\aW) acts. 

10) . For every a e {|a|} we have 5^5{a) = a = U*Ua — aU*U. 
Proof: 

1). Wc have that U*U is the orthogonal projection onto Im \a\ = (Ker |a|)^. 
Therefore U*U is the spectral projection of \a\ corresponding to the set 
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<j{\a\) \ {0} (where we denote by a{a) the spectrum of an operator a). 
Thus by the spectral theorem (see, for example, 0], §17) U*U G {1, \a\}"- 

7) . The statement that 6 : {\a\} (^({kl}) is a morphism and (|5.2|) 
follow from 1) in view of part I of Lemma |2.4| . In addition ( |1.10D means that 
6{\a\) G {1, \a\} and therefore 5{|a|} C {1, \a\}. 

8) . By (|]1D we have that 

5{\a\}c{l,\a\} 

Thus 

5'{\a\} C 5({1, |a|}) = {5(1), 5(|a|)} C {[//7*, 1, \a\}. 
Continuing this reasoning we obtain 8). 

2). Since U*U is the spectral projection corresponding to the interval (0, \a\] 
(see the proof of 1)) it follows that there exists a sequence of elements of 
{|a|} such that 



Therefore we have 



^':^'y u*u (5.3) 



UanU* U{U*U)U* = UU* 



Since (by 8)) UonU* C {1, \a\} it follows that UU* C {1, |a|}". 
The further proof goes by induction. 

Suppose that U'^U''* G {1, k = l,n- 1. Taking the sequence a„ 

mentioned above we have 

[/"a„?7"* U''{U*U)U''* = U''-\UU*U)U'^* = U^'U'^* (5.4) 

But due to 8) and the assumption of the induction we have 

[/"a„?7"* C {1, \a\,UU*, [/"-i^/""^*} C {1, \a\}" 

and therefore ( |5.4| ) implies {J^IJ^* g |«|}". So 2) is proved. 



3), 4), 5) and 6). These follow from 1) and 2) along with Lemma p]6 
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9) . In view of 5) we have the relations U^U*^U^ = U^ and u*kukjj*k ^ 
U*^ that imply 9). 

10) . Recall that since U*U is the orthogonal projection onto Im \a\ = (Ker \a\) 
it follows that f7*f7|a| = \a\ = \a\U*U. This along with 1) implies 10). □ 



Remark 5.2 Most of the properties listed in Theorem ^]T] are known (we 
have presented them for the sake of completeness). In particular, one can 
find some generalizations of the properties 3) and 7) in Propositions 28 and 
29 in [^], Section 2.1 that also contains a lot of important information on the 
subject. 



5.3 Now as in section |^ we introduce the necessary for our future goals 
extensions of the algebra Aq = {1, \a\}. 

Having in mind |3]^ and statements 2) and 6) of the theorem just proved for 
every n = 0, 1, ... we set 

An = {1, \a\,UU*, U^Un C {1, \a\}" (5.5) 

Clearly 

5(A„) C A„+i 



is a morphism (the latter follows from Lemma p.4| ). 
Now bearing in mind ( p.7|) we set 



A^ = {1, \alUU*, U'^U^*, ...} C {1, \a\}" (5.6) 

Evidently 

6 : Aoo — > Aoo is an endomorphism. (5.7) 

and in particular 

SHAo) cA^C Ao' (5.8) 
Note also that by statement 1) of Theorem p.l| and ( |5.6| ) we have 

5,(1) = U*U e {A^y C [6\Ao)]', k = 0,l, ... (5.9) 
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which along with ( |5.7| ) imphes (by Lemma 23) 

6t{l) = U*''U'' e {A^y C A', , A: =1,2 
Moreover (|5.7|) along with ( ^.91) also imply (by Lemma 

Ub = 6 {b)U and U* 6 (b) = bU*, be A 



(5.10) 



(5.11) 



Observe now that ( |5.8|) , (|5.9| ) and ( ^.10|) mean that for the algebra = 
{1, \a\} and the operator U under consideration all the assumptions of The- 
orem |3]^ are satisfied. 

Thus we arrived at the next statement. 



Theorem 5.4 Let a be an operator satisfying relation and U be the 

partial isometry defined by polar decomposition ( |i.6| j. Let A^o be the algebra 
given by ( ^.dj then 



A — oo(^Oo) — {^OO) 5*iAoo), (Aoo), ...} 



(5.12) 



is the minimal commutative C* — algebra containing Aq = {1, \a\} and such 
that 



6 : A^ A and 6^ : A ^ A 

are endomorphisms. 
Moreover we have: 

(i) For any < I < k 

StiAoo) ■ SliA^) C StiA^) 
(a) For every n the subalgebra 

n{Aoo) = {Aoo, 6^{Aoo)} C A 



(5.13) 



(5.14) 
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is the set of operators of the form 

ao + 6^{ai) + ... + 6"{an), ai e A^o- 

(Hi) 6 : „(Aoo) — ^ n-l(^oo); = 1;2, ... : n(j4oo) — ^ n+l(^oo)i = 

0,1,... 



M 

Ua = 6{a)U and U*a = S^:{a)U* for any a E A. (5.15) 

2) Let 

ooA={Ao,5,(Ao),...,(5:(Ao),...} (5.16) 

Then 

A = oo(^oo) = (oo^)oo (5-17) 

where (oo^)oo = {oo^, ^(oo^), ^''(oo^), •••} 
Moreover we have: 

(i) For any < I < k 

5''{ooA)-5\^A)cS\^A) 
(a) For every n the subalgebra 

(ooA)n = {ooA...,'^"(ooA)} CA (5.18) 

is the set of operators of the form 

ao + 5(ai) + ••■ + 5"(an), ai e ocA. 

(lii) 6^ : (oo^)n (oo^)n-i, n = l,2, ... S : {ooA)n (oo^)n+i, n = 
0,1,... 

Now we proceed to the description of the algebra B = {l,\a\,U}. 



In this situation Lemma 4.3 turns into 
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Lemma 5.5 The algebra B = {1, |a|, t/} is the uniform closure of finite sums 
of the form 

/7"*/3_„ + ... + /?o + ... + /?„f/" (5.19) 

where (3k e A (A is given by §J^) and (3±k = U^U^*P±k = (3±kU''U''*, k = 
0, ...,n. 

This algebra is also the uniform closure of finite sums of the form 

+ ... + ao + ... + f/"a„ (5.20) 
where ak e A and a±k = U^*U^a±k = a±kU^*U^, k = 0,...,n. 



5.6 Using the notation of i?2 we say that the algebra B possesses the prop- 
erty {*) if for every element b E B having the form ( |5.19|) the following 
inequality holds: 

m > m (5.21) 



In view of Theorem 4.3 we conclude that 



if B possesses the property {*) then for any element b of the form ( \5.1!^ ) 
we have 

>max||/3±,|| (5.22) 

i=0,n 

and for any element b of the form (|5.i^6[) we have 



> max ||a±i|| (5.23) 

i=0,n 



In the situation considered Theorem turns into 



Theorem 5.7 Let ai = Ui\ai\ and 02 = ^721^21 be the polar decompositions 
of operators ai and 02 and both the operators ai and 02 satisfy the condition 
Suppose that the mapping 

|ai|^|a2|, Ui^U2 (5.24) 
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gives rise to the isomorphism 

(where A^, i = 1,2 are defined by for the operators ai and Ui respec- 

tively). 

If both the algebras Bi = {1, |aj|, Ui}, 2 = 1,2 possess the property (*) then 
the mapping ( |5. 24 ) gives rise to the isomorphism 



6 The structure of the algebra B = {l,a}. 

Now we return to the consideration of the structure of the algebra B = {1, a}. 
In this situation along with the mapping 6 ( p.l4|) we shall introduce the 
mapping 

^:{l,|a|}^{l,5(|a|)}c{l,|a|} 

given by 

[{a*a)''] = (aa*)'' = 6 [{aa*)^] = 6''{a*a), ^{1) = 1. (6.1) 
One can easily verify that for every 6 G {1, |a|} we have 

ah = Lp{h)a and ha* = a*ip{h) (6.2) 
Indeed. The first equality follows from the equalities 

a ■ {a*aY = {aa*Y ■ a = (p[{a*a)''] ■ a 

and 

a ■ 1 = 1 ■ a = ■ a. 

And the second follows from the first one by passage to the adjoint operator. 
Note that for any A;, / > we also have the following relations: 

if k > I then 

a'^a*^ = ha^-^ where b G {1, |a|}; (6.3) 
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if A; < / then 

a^a*^ = a*(^-')6 where b G {1, \a\}; (6.4) 

and 

a^a*'' e {l,\a\}. (6.5) 

_ _ 1 



where we take a = a 
Indeed. If A; > / then using (6.2) several times we have 



a'^a*' = a'^ ^(aa*)a*' ^ = ip^ ^{aa*) ■ ^ ■ a*' ^ = 

ip''~^{aa*) ■ (p^^^{aa*) ■ ... ■ Lp^~\aa*) ■ a''"' = ba!"'^ 

where /-^(aa*) ■ /-^(aa*) ■ ... ■ /"'(aa*) = b E {1, |a|}. Thus (pj) and 
(|675|) are proved. 



4f) follows from ( |6.3|) since for k < I we have 

a^^a*' = (a'^a*')** = {a' a"*)* = {ba'^'Y = a*^'~^^b* 

The next useful observation is given by 
Lemma 6.1 For any two operators of the form 

a*Hi^^,^^a^\ 1 = 1,2 
where U^mi > 0, fe/,,™,^ ^ {1, k|} we have 

where Is^m^ > 0, h.^ ^.^ G {1, \a\} and 

nil ~ li + m2 - k = - h 
Proof: Follows in a routine way from ( |6.2|) - ( |6.5|) . □ 



Applying this lemma and using again ( |6.2| ) - ( |6.5|) we conclude that the 
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algebra B = {l,a} is the uniform closure of finite sums of elements of the 
form 

b = b_n + ■■■ + bo + ... + bn, n>0 (6.6) 
where bk, —n < k < n is a. finite sum of the form 

bk= Yl «*'^'.™«"'' k,m&{l,\a\}, /,m>0 

m—l=k 

6.2 Let Bq be the subalgebra of B generated by the elements of the form 

a*'6a', />0, be{l,\a\} 



Lemma |6.1| shows that Bq is indeed a C*— subalgebra of B. Note also that 
Bq is a commutative algebra since it is a subalgebra of 00(^00) (see ( |5.12| )). 
Using the elements of Bq one can rewrite ( |6.6|) in the form 

6 = a*"/?_„ + ... + /3o + ... + /?na" (6.7) 
where A G Bq, -n < k < n (cf (^39])). 

6.3 We shall say that the algebra B possesses the property {**) if for any 
element 6 G B of the form ( |6.6| ) the following inequality holds 

\\b\\ > \\bo\\ (6.8) 

Remark. One can easily see that if the algebra B = {l,\a\,U} considered in 
the previous section possesses the property (*) (see ( ^.22|) ) then the algebra 
B being a subalgebra of B possesses the property (**). 
If B possesses the property (**) then the mapping 

No : B ^ Bo (6.9) 

given by 

No(6) = &o 



for any b having the form (|6.6|) is correctly defined. 
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Now the analogue to Theorem |4.(j| for the situation considered is 



Theorem 6.4 Let a be an operator satisfying relation and B = {1, a}. 
If B possesses the property {**) ( \6.di) then then for any element b of the 
form l \6.(^ ) we have 



hm 

fc— >oo 



A^o [{bb 



*\2k] 



(6.10) 

where No is the mapping defined by ( \6.^ . 

Proof: The same as for Theorem |4.6| . One should apply the estimates from 



Lemma [4.5| to operator ( |6.6|) 

b = b_n + ■■■ + ^0 + ••■ + bn 



and observe that in view of Lemma 3.1 did* e B 



d_n + ... + do + ... + dn 

- n < i < n. 



□ 



Following the same path one can obtain the next result which is the analogue 
to Theorem ET^ for the algebra under consideration. 



Theorem 6.5 Let Bj = {l,aj}, i = 1,2 where both the operators ai, i = 
1,2 satisfy the condition ( \1.I\ ). Suppose that the mapping ai i-^ 02 generates 
the isomorphism 

Boi = B02 



where Boi, i = 1,2 is the algebra described in \6.2^ (corresponding to the 
algebra Bj/ 

// both the algebras Bj, i = 1,2 possess the property {**) then the mapping 
ai I— i> 02 gives rise to the isomorphism 

Bi = B2. 

One can consider the results presented above from a bit different point of 
view. 

6.6 Let us introduce a certain notion of 'degree' for finite products of ele- 
ments a and a*. 
For any / > we set 

dega' = / and dega*' = (6.11) 
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where we take a° = a*° = 1 and thus deg 1 = 0. 

For a finite product b of these elements we set its degree deg b to be equal to 
the sum of the degrees of its factors. 

Remark. Of course in general the number deg b depends not on the element 
b as an element of L{H) but on the representation of b in the form of a fi- 
nite product of elements a and a* and therefore it is reasonable to consider 
the number deg as being defined on the free semigroup generated by a and a*. 

Clearly deg 6* = —deg 6 and if deg6i = ki, deg 62 = k2 then deg (61 ■ 62) = 
ki + k2. 

Evidently the algebra B = {1, a} is the uniform closure of finite sums of the 
form 

b = b_„. + ■■■ + bo + ... + bn (6.12) 
where n > and bi, —n < z < n is a finite sum of the form 

h = ^Pki-, degpki = i 

One can verify that 

if an element b is a finite product of elements a and a* and deg b = k then b 
can be represented in the form 

b = a^'bi^ma"^ 
where I , m > , &«,m ^ {li one? m — l = k. 



So we can reformulate the notions from 6.3 in the following way. 



6.7 Let Bo be the subalgebra of B generated by finite products b such that 
deg 6 = 0. 

Observe that Bq = Bg where the latter algebra is that defined in |6.2| . 



Thus the algebra B possesses the property (**) iff for any element 6 G B of 
the form (|6.12|) the following inequality holds 



M > \M (6.13) 
Therefore Theorem |6.5| is equivalent to the next statement. 
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Theorem 6.8 Let B, = {l,aj}, i = 1,2 where both the operators ai, i = 
1,2 satisfy the condition Suppose that the mapping ai i-^ 02 generates 

the isomorphism 

Boi = B02 



where Boj, i = 1,2 is the algebra described in \6. Ij (corresponding to the 
algebra Bjj. 

If for any element hi G Bj having the form \6.1^ ) the inequality O^.lSj ) holds 
then the mapping Oi ^ 02 gives rise to the isomorphism 

Bi = B2. 
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